HOMOLOGICAL PROPERTIES OF QUANTIZED COORDINATE 
RINGS OF SEMISIMPLE GROUPS 



K.R. GOODEARL AND J.J. ZHANG 

Abstract. We prove that the generic quantized coordinate ring O q (G) is Aus- 
lander-regular, Cohen-Macaulay, and catenary for every connected semisimple 
Lie group G. This answers questions raised by Brown, Lenagan, and the first 
author. We also prove that under certain hypotheses concerning the existence 
of normal elements, a noetherian Hopf algebra is Auslander-Gorenstein and 
Cohen-Macaulay. This provides a new set of positive cases for a question of 
Brown and the first author. 



0. Introduction 

A guiding principle in the study of quantized coordinate rings has been that 
these algebras should enjoy noncommutative versions of the algebraic properties 
of their classical analogs. Moreover, based on the types of properties that have 
been established, one also conjectures that quantized coordinate rings should enjoy 
properties similar to the enveloping algebras of solvable Lie algebras. A property 
of the latter type is the catenary condition (namely, that all saturated chains of 
prime ideals between any two fixed primes should have the same length), which was 
established for a number of quantized coordinate rings by Lenagan and the first 
author However, among the quantized coordinate rings O q (G) for semisimple 
Lie groups G, catenarity has remained an open question except for the case G = 
SL n [111 Theorem 4.5]. The first goal of the present paper is to establish catenarity 
for (the C-form of) all the algebras O q {G). 

Following the principle indicated above, one expects the quantized coordinate 
rings of Lie groups to be homologically nice; in the noncommutative world, this 
means one looks for the Auslander-regular and Cohen-Macaulay conditions. In 
fact, Gabber's method for proving catenarity in enveloping algebras of solvable Lie 
algebras relies crucially on these properties, as does Lenagan and the first author's 
adaptation to quantum algebras. These conditions were verified for O q (SL n ) by 
Levasseur and Stafford, but remained open for arbitrary O q (G), although Brown 
and the first author were able to show that O q {G) has finite global dimension |HJ 
Proposition 2.7]. Our second goal here is to establish the Auslander-regular and 
Cohen-Macaulay conditions for general O q (G). 

Let G be a connected semisimple Lie group over C. By O q (G), we mean the 
subalgebra of the Hopf dual of U q (g), where g is the Lie algebra of G, generated 
by the coordinate functions of the type 1 highest weight modules whose weights 
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lie in the lattice corresponding to a maximal torus of G. (See Definition 1.7.5], 
for instance.) We indicate that we consider the usual one-parameter version of this 
algebra by calling it the standard quantized coordinate ring of G. Since some of 
our work relies on properties established by Hodges-Levasseur-Toro |16j and Joseph 
|18|. we must restrict attention to the complex form of O q (G), that is, we construct 
U q (g) and O q (G) over the base field C. The assumption that q is generic means 
that q is a nonzero complex scalar which is not a root of unity; in |18| , q is further 
restricted to be a scalar transcendental over the rationals. 
We summarize our main results for O q (G) as follows. 

Theorem 0.1. Let G be a connected semisimple Lie group over C. Then the 
standard generic quantized coordinate ring O q (G) (defined over C) is catenary, and 
Tauvel's height formula holds. If q is transcendental over Q, then O q (G) is an Aus- 
lander-regular and Cohen- Macaulay domain with gldimC g (G) = GKdimO g (G) = 
dim G. 

The third goal of the paper concerns the question 

If H is a noetherian Hopf algebra, does H have finite injective dimension? 
This was asked by Brown and the first author |H| 1.15] and Brown 3.1]. Some 
partial results were given by Wu and the second author when H is PI 30 , Theorem 
0.1], and when H is graded with balanced dualizing complex |311 Theorem 1]. Here 
we give another partial answer, for which we need to state some hypotheses. Let A 
be a ring (for the first condition) or an algebra over a base field k (for the second 
and third). We say that A satisfies 
(HI) if A is noetherian and Spec A is normally separated, namely, for every two 
primes p C q of A, there is a normal regular element in the ideal q/p C A/ p. 
(H2) if A has an exhaustive ascending N-filtration such that the associated graded 
ring gr A is connected graded noetherian with enough normal elements, 
namely, every non-simple graded prime factor ring of gr A contains a homo- 
geneous normal element of positive degree. 
(H3) if every maximal ideal of A is co-finite dimensional over k. 
Our second result is the following. 

Theorem 0.2. Suppose A is a Hopf algebra satisfying (H1,H2,H3). Then A is 
Auslander-Gorenstein and Cohen- Macaulay and has a quasi- Frobenius classical quo- 
tient ring; further, Spec A is catenary and Tauvel's height formula holds. 

It is known that the quantized coordinate rings O q (G) satisfy (HI) and (H2), 
but it is not known if they satisfy (H3). Therefore the proofs of Theorems 10 . 1 1 and 
10.21 are similar in some steps and different in others. 

Since our methods do not apply to quotient Hopf algebras of the O q (G), we pose 
the following: 

Question 0.3. Let G be a connected semisimple Lie group over C, and I a Hopf 
ideal of the standard generic quantized coordinate ring O q (G). Is the Hopf algebra 
O q (G)/I Auslander-Gorenstein and Cohen-Macaulay? 

Throughout, let k be a commutative base field. In treating general properties 
of algebras, the base field will be k; in particular, the unqualified term "algebra" 
will mean "fc-algebra" , and unmarked tensor products will be <8>fc. In working with 
O q (G), we will need to assume k is either C or a subfield of C. 
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Let A be a ring or an algebra. Let A° denote the opposite ring of A, and A° (when 
A is an algebra) the enveloping algebra A® A° . Since we usually work with left 
modules, the unqualified term "module" will mean "left module" . Right A-modulcs 
will be identified, when convenient, with yl°-modules, and (A, _B)-bimodules with 
(A <S> -B°)-modules. Let ^4-Mod and ^4°-Mod denote the categories of all left and 
right A-modules, respectively. 

When working with an (A, _B)-bimodule M, the key property is that M is finitely 
generated as both a left ^4-module and a right -B-module (note that this is stronger 
than requiring M to be finitely generated as a bimodulc). We can record this 
property by saying that M is left-right finitely generated. Since all our rings A and 
B will be noetherian, this is equivalent to saying that M is left-right noetherian, 
which we abbreviate to noetherian, following common usage. To summarize: a 
noetherian bimodule is a bimodule which is noetherian as both a left module and a 
right module. 

1. Consequences of (HI) 

Recall that a ring A satisfies (HI) if A is noetherian and Spec A is normally 
separated. It will be helpful to recall that these hypotheses imply that A satisfies 
the (left and right) strong second layer condition |14l Theorem 12.17]. The main 
result of this section is the following proposition. Here, modules are treated as 
complexes concentrated in degree 0, and we write X = Y to indicate that complexes 
X and Y are quasi-isomorphic, that is, isomorphic in the derived category. 

Proposition 1.1. Suppose A and B are rings satisfying (HI). Let X be a bounded 
complex of (A, B)-bimodules such that the bimodule H l (X) is noetherian for all i. 

(a) // r £oyf{A/p,X) = for all i ^ and all maximal ideals p C A, then 
X = B°(X) and E°(X) is a projective A-module. 

(b) //, in addition, Tor^(A/p, X) ^ for all maximal ideals p C A, then H°(X) 
is a progenerator in A- Mod. 

We need several lemmas to prove this proposition. Recall from 0] Definition 1] 
that a bond between two noetherian prime rings A and B is a nonzero noetherian 
(A, i?)-bimodule which is torsionfree both as a left ^-module and as a right B- 
module. The following lemma of the first author appears as Theorem 10]. 

Lemma 1.2. Let A and B be prime noetherian rings, and M a bond between them. 
If B is simple, then M is projective over A. 

Lemma 1.3. Let A and B be noetherian simple rings, and M a nonzero noetherian 
(A, B) -bimodule. Then M is a progenerator for A-Mod and for B° -Mod. 

Proof. It follows from ^] Lemma 8.3] that M is torsionfree on each side. Thus, 
M is a bond, and so by Lemma |l. 21 M is projective over A. Simplicity of A then 
implies that M is a generator over A. Since M is finitely generated over A, it is a 
progenerator. By symmetry, M is also a progenerator over B. □ 

Let A be any ring. Let N(A) denote the set of all regular normal elements in A, 
and note that N(A) is an Ore set. Then, let S(A) denote the localization of A by 
inverting all elements in N(A). If the set of all regular elements in A satisfies the 
left and right Ore conditions, then we use Q(A) to denote the localization of A by 



4 



K.R. GOODEARL AND J.J. ZHANG 



inverting all regular elements. The ring Q(A) is called the classical quotient ring 
of A. Let Kdim denote the Gabriel-Rentschler Krull dimension. 
The following lemma is clear. 

Lemma 1.4. Suppose A is a prime ring satisfying (HI). Then every nonzero ideal 
of A contains a regular normal element. Consequently, the localization S(A) is 
simple. 

Lemma 1.5. Suppose A and B are prime rings satisfying (HI), and that M is a 
bond between them. 

(a) S(A) ® A M = M® B S{B) S S{A) ® A M® B S{B). 

(b) A is simple if and only if B is simple. 

(c) If M = S(A) ® A M, then A = S(A). In particular, A is simple. 

Proof, (a) Since M is a bond, left multiplication on M by any d <E N(A) is injective. 
Hence, S(A) ®a M is a directed union of copies of M as a right i?-module. This 
implies that we can make identifications 

M c S(A) ® A M c S(A) ® A M® B S(B). 

Let e G N(B), and let N be the bimodule M/Me. Since N is torsion as a 
right _B-module, it follows from ^] Lemma 8.3] and Lemma fl. 41 that there is an 
/ S N(A) such that fN = 0. This implies that S(A) ® A N = 0, and hence 
S(A) ® A M = S(A) ® A Me. So, the action of e on S(A) ® A M is invertible. This 
says that S(A) ® A M = S(A) ® A M ® B S(B). By symmetry, M ® B S(B) = 
S(A) ® A M® B S{B). 

(b) Since A and B satisfy the second layer condition, they have the same classical 
Krull dimension ^] Corollary 14.5]. Part (b) follows. 

(c) Since S(A) is simple and M = S(A)® A M is a noetherian (S(A), i?)-bimodulc, 
there is a positive integer n such that S(A) embeds in M® n as a left 5(^4)-module 
(141 Lemma 8.1]. Consequently, S(A) is a noetherian left A-module. This implies 
that, for each e £ N(A), we have Ae~ % — Ae~' l+1 for some i. Thus Ae -1 = A, and 
hence e is invertible in A. Therefore S(A) — A. Simplicity follows from Lemma 

rrn □ 

Lemma 1.6. Suppose A and B are rings satisfying (HI), and A is prime. Let N 
be a nonzero noetherian (A, B) -bimodule. 

(a) If S(A) ® A N is nonzero, then it is a prog enerator for S(A)-Mod. 

(b) Similarly, if A is simple, then N is a progenerator for A-Mod. 

(c) If N = S(A) ® A N, then A = S(A) and A is simple. 

Proof, (a) First asssume that S(A) ® A N ^ 0, and let T\ denote the AT(j4)-torsion 
sub(bi)module of N. Since S(A) ® A N = S(A) ® A (N/Ti), there is no loss of gen- 
erality in assuming that N is 7V(y4)-torsionfree. If T2 is the torsion sub(bi)modulc 
of A N, then l.ann^Tg) is nonzero by (141 Lemma 8.3]. Then l.ann^^) contains 
an element of N(A) by Lemma f 1.41 and since N is A r (A)-torsionfree, we conclude 
that T2 = 0. Thus, N is torsionfree as a left ^4-module. 

Let TVo = C Ni C • • ■ C N m = N be a right affiliated series for N (cf. 
(141 Chapter 8]). The ideals q, := r.anns(7Vi/7Vi_i) are prime, and A/j/iV,_i is a 
torsionfree right (i?/qi)-module as well as a torsionfree left A-module (141 Propo- 
sitions 8.7, 8.9]. It suffices to show that each S(A) ® A (JV,-/JVi_i) is a progenerator 
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for S(A)-Mod. Hence, we need only consider the case when B is prime and iV is a 
bond between A and B. 

Now we are in the situation of Lemma IT31 that is, we have N' := S(A) ®a N = 
S(A) ® A N® B S(B). Then N' is a bond between S(A) and S(B). By Lemma Q 
iS(A) and S(B) are simple; thus, the conclusion of part (a) follows from Lemma 

Ol 

(b) This is proved in the same manner as (a), with the help of Lemma ll.5f bV 

(c) The isomorphism N = S(A) ®a N implies that N is iV(A)-torsionfree, and 
then, as in the proof of (a), it follows that aN is torsionfree. Choose a right affiliated 
series for N, and let AT' be its penultimate term. Then q := r. arms (N/N 1 ) is a 
prime ideal of B, and N/N' is a bond between A and B/c\. Since N/N' is torsionfree 
as a left A-module, it is also 7V(A)-torsionfree, and so S(A) ®a (N/N') ^ 0. On 
the other hand, since the natural map N — > S(A) ®a N is surjective, so is the 
natural map N/N' -> S(A) ® A (N/N'). Consequently, N/N' S S(A) ®a (N/N'), 
and therefore Lemma ll.5f c) implies that A = S(A). □ 

Lemma 1.7. Lei A, £?, X satisfy the same hypotheses as Proposition !! . If a^ . Then 
Tor 4 (TV, X) = for all noetherian A-bimodules N and all i ^ 0. As a consequence, 
X^R°{X). 

Proof. Let N be a noetherian A-bimodule. By induction on the length of X, it is 
easy to see that each Torf (TV, X) is a noetherian (A, 73)-bimodule. 

We will use induction on rKdim/V = KdimiV^. If rKdimiV < 0, the bimodulc 
N = 0, and the assertion is trivial. Now assume that rKdim > 0, and that 
Tovf (N', X) = for all i ^ and all noetherian A-bimodules N' with rKdim < 
rKdim We want to show that Torf (N, X) = for all i ^ 0. 

By ^] Corollary 8.8], there exists a chain of sub-bimodulcs 

N = C Ni C • • ■ C N m = N 

such that the annihilator ideals pj := l.ann,4(A^/iVj_i) and qj := r.ann^(iy 7 -/iV;_i) 
are prime and Nj/Nj-i is a bond between A/pj and A/q.,-. It suffices to show that 
Torf (Nj/Nj-i, X) = for all i ^ and all j. Thus, there is no loss of generality in 
assuming that N is a bond between A/p and A/q, for some prime ideals p, q C A. 
If either p or q is a maximal ideal, then both are maximal, by Lemma ll.5f b). Then, 
by Lemma fl. 21 N is projective over A/q. Since Torf (A/q,X) = for all i + 0, it 
follows that Torf (N, X) = for all i ^ 0. 

Now assume that p and q are both non-maximal, and let A\ := A/p and A^ := 
A/q. For any d e N(A 1 ), one has rKdim N/dN < rKdim N. Applying Torf (— ,X) 
to the short exact sequence 

_> at at _> AT/diV -> 0, 

where is the left multiplication map by d, we obtain a long exact sequence 

Toi&^N/dN^) -> Toif (X, X) ^ Tor^AT, X) - Torf (N/dN,X) 

for each i. For i > or i < — 1, the two ends are zero by our induction hypothesis. 
Hence, T := Tor^(A r , X) is an A r (A 1 )-torsionfree Ai-module, and T = S^Ai)®^! 1 . 
If T ^ 0, Lemma [LnT c^l implies that A\ is simple, a contradiction. Therefore T = 
as desired. 



6 



K.R. GOODEARL AND J.J. ZHANG 



For i = — 1, we have a long exact sequence 

Toi£ (N/dN,X) -> Torf^iV.X) ^ Tor^ x (iV,X) -> Torf x (iV/d/V, X). 

By the induction hypothesis, Tor^-^iV/A/V, X) = 0, and so the map Id is surjective. 
Let U := Torf x (iV,X), and let 7 be the iV(Ai)-torsion submodule of U. Since 
t/ is a bimodule, so is V. Now ^ acts on U /V bijectively. The argument for T 
shows that U /V = 0, and so U is 7V(Ai)-torsion. Since U is a noetherian bimodule, 
there is a d £ iV(Ai) such that d[7 = 0. But U = dll, so U = 0. Therefore 
Torf (N, X)=0 for all i f 0, as desired. 

Finally, take N = A; then H ,; (X) ^ Torf (A, X) = for all i ^ 0. Therefore 

x = r°(x). a 

Now we are ready to prove Proposition ll.il 

Proof of Proposition 11.11 (a) By Lemma ll.71 X is quasi-isomorphic to the bimodule 
H°(X). Since Torf (A/p, H°(X)) Torf (A/p, X) = for alii ^ and all maximal 
ideals p C A : we may replace X by H (X). Thus, there is no loss of generality in 
assuming that X is a noetherian (A, £?)-bimodule. 

If aX is not projective, then it is not flat, and Torf (AT, X) ^ for some j > 
and some finitely generated right A-module N. By noetherian induction, we may 
assume that the ideal q := r.ann^iV) is maximal for the existence of such an TV, 
that is, Torf(M,X) = for any i ^ and any finitely generated right A-module 
M whose annihilator properly contains q. By a second noetherian induction, we 
may assume that N is a minimal criminal, that is, Torf (N/L,X) — for any 
i and any nonzero submodule L C N. If there is a nonzero submodule L C N 
with r.amu(X) 2 q, then Torf(Z,X) = and Torf(N/L,X) = 0, by our two 
induction hypotheses, which implies the contradiction Torf (AT, X) = 0. Thus, all 
nonzero submodules of N have annihilator q, that is, N is fully faithful as a right 
A/q-module. It follows that q is a prime ideal of A |14l Proposition 3.12]. 

Set A2 := A/q, and note that for any c £ N(A2), the set annjv(c) is a submodule 
of N, annililated by the nonzero ideal CA2 C A 2 . This forces annjy(c) = 0, since 
AT is a fully faithful ^-module. Thus, N is A^y^-torsionfrcc. In particular, the 
natural map 

N — > N' :— N ® A2 S(A 2 ) = N ® A S(A 2 ) 

is injective. We identify N with its image in N'. 

Each finitely generated submodule M C N'/N is annihilated by some element of 
N(A 2 ), whence r.aniu(M) D q. By our first noetherian induction, Torf (M, X) = 
for all i 7^ 0, for any such M. Since Torf (— ,X) commutes with direct limits, it 
follows that Torf (N'/N,X) = for all i f 0. 

As a right A-module, Si^A-x) is the direct limit of the submodules c~ 1 A 2 for 
c e N(A 2 ), and each c~ 1 A 2 = A 2 . Since Torf (A 2 ,X) = for all i ^ 0, by Lemma 
H~71 it follows that Torf (S(A 2 ), X) = for all i ^ 0. Now set = X, and choose 
short exact sequences of left A-modules 

► K rn > F rn > Km — 1 y 

for all m > 0, where each F m is free. Since 

Torf (S(A 2 ),K m ^) S* Toi m+1 (S (A 2 ) , X) = 
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for all m > 0, the induced sequences 

(ELI) -» S{A 2 ) ® A K m -> S(A 2 ) ® A F m -> S(i4 2 ) «U i^-i -» 

are all exact. Further, S(A 2 ) <S>a X = S , (A 2 ) ®A/q {X/([X), which is a projective 
left 5(^42 )-module (possibly zero) by Lemma ll.tjf bl. Consequently, we see that 
the short exact sequences (IE1.1|) all split. These sequences remain split exact on 
tensoring with N, and hence we find that the induced sequences 

-> N' ® A K m -► N' ® A F m -» N' ® A K m ^i -> 

are split exact. It follows that 

Tor^ +1 (7V',X) S Tor^(iV', K m -i) = 

for all m > 0. 

From the long exact sequence for Tor, we now have an exact sequence 
= Tarf +1 (N' /N,X) -> Tovf (N,X) -> Torf(N',X) = 0. 

However, this forces Tor^(./V, X) = 0, contradicting our assumptions. Therefore X 
is indeed projective as a left A-module. 

(b) As above, we may assume that X is a noetherian bimodule. Let I be the 
trace ideal of X in A, that is, 

i= E /(*)• 

/£Hoiiu(X4) 

For any maximal ideal p C A, we have X/pX 7^ by hypothesis. Since X is 
noetherian, X/pX has a simple factor module, and so there exists a maximal left 
ideal m of A, containing p, together with an epimorphism / : X — > X/pX —> A/m 
of left A-modules. Since aX is projective, / lifts to an A-module homomorphism 
g : X — ► A such that g(X) m. Consequently, / ^ p. 

Since 7 is not contained in any maximal ideal of A, we conclude that I = A. 
Therefore X is a progenerator in A- Mod. □ 

We record the following analog of Proposition II . If a) . in which the hypothesis 
Tor i (A/p,X) — is only assumed for positive indices i. Since we will not use 
the result in this paper, we omit the proof, which is similar to that of Proposition 
II. If a). By definition, the flat dimension of a complex X is 

flatdimX := sup{i | Torf (M,X) ^ for all right ^-modules M}. 

Proposition 1.8. Suppose A and B are rings satisfying (HI). Let X be a bounded 
complex of (A, B)-bimodules such that the bimodule H l (A") is noetherian for all i. 
If Tor^(j4/p, X) = for all i > and all maximal ideals p C A, then the flat 
dimension of X is at most 0. 

Finally, we note that O q (G) satisfies (HI). 

Theorem 1.9. Let G be any connected semisimple Lie group over C. Then the 
standard generic quantized coordinate ring O q (G) is a noetherian domain of finite 
global dimension, and it satisfies (HI). 

Proof. See Proposition 2.7] and Theorems 1.8.9, 1.8.18, and II.9.19]. □ 
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2. Consequences of (H2) 

The main use of (H2) is to obtain the existence of an Auslander, Cohen-Macaulay, 
rigid dualizing complex. Since we will only use dualizing complexes as a tool in a 
few places, we intend to omit most of the definitions related to dualizing complexes 
and derived categories. For those readers who would like to see more details about 
this topic, we refer to the papers |27l 1321 ITTTTI 134) . However, we will review below 
the definitions of the Auslander and Cohen-Macaulay properties, since these two 
properties are the main point of Theorems 10.11 and ID . 21 

Recall that a connected graded algebra is an N-graded fc-algebra A — © i>0 Ai 
such that Aq — k and dim*, Ai < oo for all i. A noetherian connected graded 
algebra A is said to have enough normal elements if every non-simple graded prime 
factor A/p has a homogeneous normal element of positive degree. (Such a normal 
element is necessarily regular.) Recall that an algebra A satisfies (H2) if there is 
an ascending N-filtration F = {FiA}i>o by fc-subspaces such that 

(i) 1 G FqA, 

(ii) A = \J i > Q F i A, 

(iii) (F l A)(F j A) C F i+j A for all i,j, and 

(iv) the associated graded ring gi A := 0°^ o F^A/i^-i A is connected graded 
noetherian and has enough normal elements. 

Condition (iv) implies that gr A is a finitely generated algebra with finite GK-dim- 
ension |331 Proposition 0.9], and consequently A satisfies those same properties. 

In this section, we will recall several concepts which are essential to our work. 
First, let A be a noetherian ring. We say that A is Gorenstein if it has finite 
injective dimension on both sides. The standard Auslander-Gorenstein, Auslander- 
regular, and Cohen-Macaulay conditions are usually defined in terms of grades of 
modules, as follows. For any finitely generated left or right A-module, the grade or 
the j-number of M with respect to A is defined to be 

j(M) := inf{n | Ext£(M, A) ^ 0}. 

The ring A is called Auslander-Gorenstein if it is Gorenstein and it satisfies the 
Auslander condition: 

For every finitely generated left (respectively, right) A-module M and ev- 
ery positive integer q, one has j(N) > q for every finitely generated right 
(respectively, left) A-submodule N C Ext q A (M,A). 

An Auslander-regular ring is a noetherian, Auslander-Gorenstein ring which has 
finite global dimension. The final condition requires A to be an algebra with finite 
GK-dimension. We say that A is Cohen-Macaulay {with respect to GKdim) if 

j(M) + GKdim M = GKdim A 

for every nonzero finitely generated left or right A-module M. 

These conditions have analogs for rigid dualizing complexes. Thus, let R be 
a rigid dualizing complex over A, and let M be a finitely generated left or right 
A-module. The grade of M with respect to R is defined to be 

j R (M) := inf{n | Ext^(M, R) ± 0}. 

We say that R is Auslander if 
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For every finitely generated left (respectively, right) A-module M, every 
integer q, and every finitely generated right (respectively, left) A-submodulc 
N C Ext^(M, R), one has j R {N) > q. 

Now suppose that A is an algebra with finite GK-dimension. We say that R is 

Cohen- Macaulay (with respect to GKdim) if 

3r(M) + GKdimM = 

for every nonzero finitely generated left or right A- module M. 

If A is Gorenstein, then any shift A[n] is a dualizing complex over A. This leads 
to the following connection between the two versions of the above concepts, which 
is easily checked once one notes that jn(M) = j(M) — n for all finitely generated 
left or right A-modules M. 

A noetherian algebra A with GKdim A = n < oo is Auslander- Gorenstein and 
Cohen- Macaulay if and only if 

(i) A is Gorenstein, and 

(ii) the dualizing complex A[n] is Auslander and Cohen- Macaulay. 

Proposition 2.1. Suppose A is an algebra satisfying (H2). 

(a) A has an Auslander, Cohen- Macaulay, rigid dualizing complex R. As a 
consequence, the Gelfand-Kirillov dimension of any finitely generated A- 
module is an integer. 

(b) For any ideal I C A, the complex RHom^A/ / , R) is an Auslander, Cohen- 
Macaulay, rigid dualizing complex over A/I . 

Proof. Part (a) is (rtHI Corollary 6.9(iii)], while part (b) follows from |33l Theorem 
6.17, Proposition 3.9]. □ 

Given an algebra A with a dualizing complex R, define functors D and D° so 
that 

D(M) = RHouu(A/, R) and D°(N) = RHom A o(7V, R) 

for M S D(A-Mod) and N £ D(A°-Mod), where D(C) denotes the derived cat- 
egory of complexes over an abelian category C. These functors provide duali- 
ties between the subcategories Df(A-Mod) and D/(A -Mod) whose objects are the 
complexes with finitely generated cohomology modules j^Hl Proposition 1.3]. Let 
(— )' = Hoixifc(— , k) denote the fc-linear vector space dual. 

We shall need the following relatively standard fact: Suppose that A and B 
are noetherian rings, X a bounded complex of left (respectively, right) A-modules, 
and Y a bounded complex of (A, B)-bimodules (respectively, (B , A) -bimodules) . If 
the cohomology modules H 4 (X) are finitely generated and the bimodules FP(F) are 
noetherian for all i, then the right (respectively, left) B-modules Ext^(X, Y) (re- 
spectively, Ext^o(X, Y)) are finitely generated. By induction on the lengths of the 
complexes H*(X) and H*(Y), this can be reduced to the case where X and Y are 
(bi)modules. That case is well known. 

Lemma 2.2. Suppose A is an algebra satisfying (H2), and let R be the dualizing 
complex given in Proposition ^. lT ab Set D(-) := RHom^— , R) as above. 

(a) D(M) = M' for all finite dimensional A-modules M . 

(b) Ext^(j4/J, A) is a noetherian (A/ 1 , A)-bimodule for all ideals I C A and 
all i > 0. 
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Proof, (a) Let M be a finite dimensional yl-module and p := aim A (M). Then A/p 
is finite dimensional over k. One has 

D(M) = RHonu((A/p) ® L A/p M,R) Si RRom A/p (M, D(A/p)) =: (*) 

[2HI Theorem 10.8.7]. By Proposition 0» (or gSl Theorem 3.2] in this special 
case), Ra/p ■= D(A/p) is a rigid dualizing complex over A/p. Since A/p is finite 
dimensional over k, we have Ra/p — (A/p)'. Hence 

(*) = RHom A/p (Af, (A/p)') = M' . 

(b) Let I be an ideal of A and i a nonnegative integer. By the comments above, 
Ext l A (A/I,A) is finitely generated as a right A-module. By Proposition I2.1f b). 
D(A/I) is a rigid dualizing complex over A/1. By duality 

Ext A (A/I, A) Ext* AO (.DLA),Z>(A/I)) = ExtV(i?,L>(A//)). 

The latter bimodule is finitely generated as a left (A//)-module by the comments 
above. □ 

Part (a) of the lemma says that if M is an A-module finite dimensional over k, 
then 

' M' if i = 0, 




Let Dy(A-Mod) denote the derived category of bounded complexes Y of A-mod- 
ules such that H*(y) is finitely generated over A for all i. 

Lemma 2.3. Suppose A is an algebra satisfying (H2). Let X and Y be objects in 
D j(A-Mod) such that H l (X) is finite dimensional over k for all i. Then Ext 4 (X, Y) 
is finite dimensional over k for all i. 

Proof. By induction on the length of X, we may assume that X is a finite dimen- 
sional A-module M. By duality, Ext^(M, Y) ^ Ext^o (D(Y), D(M)). By Lemma 
I2.2f a). D(M) = M', which is finite dimensional; by the properties of the duality 
D, we have D(Y) e D b f (A°-Mod). So, it remains to show that Ext^o (Z, N) is finite 
dimensional when Z € D^(y4°-Mod) and N is a finite dimensional right A-module. 
But this follows by taking a bounded above projective resolution P of Z such that 
each term of P is finitely generated. □ 

A ring A, or its prime spectrum Spec A, is called catenary if, for every pair of 
prime ideals p C q, all saturated chains of primes between p and q have same length. 
We say that Tauvel's height formula holds in an algebra A provided 

height p + GKdim A/p = GKdim A 

for all prime ideals p C A. These properties are consequences of (HI) and (H2), as 
follows. 

Theorem 2.4. j^Hl Theorems 0.1 and 2.23] Suppose A is an algebra satisfying 
(H1.H2). 

(a) Specj4 is catenary. 

(b) //, in addition, A is prime, then Tauvel's height formula holds. 

Even if A is not prime, but rather equidimensional in a suitable sense, Tauvel's 
height formula still holds. 
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Corollary 2.5. Suppose A is an algebra satisfying (H1,H2). If GKdim A/p = 
GKdim yl for all minimal primes p, then Tauvel's height formula holds. 

Proof. Let q be any prime, and let p be a minimal prime such that p C q and the 
length of a saturated chain between p and q is equal to the height of q. Since A/p 
satisfies (HI) and (H2) also, Theorem l2.4f b) implies that 

height q/p + GKdim A/q = GKdim A/p. 

By the choice of p, one has height q/p = height q. By hypothesis, GKdim A/p — 
GKdim A. Therefore, 

height q + GKdim A/q = GKdim A. 

□ 

Next, we consider the quantized coordinate rings O q {G). 

Theorem 2.6. If G is any connected semisimple Lie group over C, then the stan- 
dard generic quantized coordinate ring O q {G) satisfies (H2). As a consequence, 
SpecC 9 (G) is catenary and Tauvel's height formula holds. 

Proof. By the proof of Theorem 1.8.18], A := O q {G) has a set of generators 
satisfying the hypotheses of Q Proposition 1.8.17]. By the proof of Q Proposi- 
tion 1.8.17], A has an N-filtration such that gr A is a graded factor ring of a skew 
polynomial ring 

C q (C m ) := C(xi, . . . ,x rn | XiXj = q tj XjX t for all i,j), 

for some matrix q = (qij) of nonzero scalars, with degx^ > for each i. It is 
clear that O q (C m ) is connected graded noetherian, and that it has enough normal 
elements (namely, the images of x%, .. . ,x m in graded factor rings). Any graded 
factor ring of O q (C m ) inherits these properties. Hence, A satisfies (H2). 

The second assertion follows from Theorems 11.91 and 12.41 □ 

Here is one final consequence of (H2). Recall that an algebra A is called univer- 
sally noetherian if A <g> B is noetherian for every noetherian algebra B [2J p. 596]. 

Proposition 2.7. If A is an algebra satisfying (H2), then it is universally noe- 
therian. 

Proof. This follows from f2I Propositions 4.3, 4.9 and 4.10]. □ 

3. RELATIVELY PROJECTIVE MODULES 

The hypothesis (H3) turns out to be very useful in dealing with modules satis- 
fying the properties described in the following lemma. We leave the proof to the 
reader. 

Lemma 3.1. Let A be an algebra and M a finitely generated A-module. Then the 
following are equivalent: 

(a) M/pM is projective over A/p for all co-finite dimensional ideals p C A. 

(b) Hom J 4(M, — ) is an exact functor on finite dimensional A-modules. 

(c) — <8>a M is an exact functor on finite dimensional right A-modules. 
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We shall say that a finitely generated module M over an algebra A is relatively 
projective (with respect to the category of finite dimensional A-modules) provided 
M satisfies the equivalent conditions of Lemma 13.11 

The hypothesis (H3), which says that every maximal ideal is co-finite dimen- 
sional, seems quite restrictive. Nonetheless, it holds in a number of interesting 
non-PI situations. Here are some examples. 

Examples 3.2. (a) Let A be a finitely generated prime algebra. If A is not simple 
and GKdimA < 2, then A satisfies (H3). To see this, we let p be a maximal ideal 
of A. Since A is not simple, p ^ 0, and hence GKdimA/p < 1. By [SB] . A/p is PI. 
Now simple affine PI rings are finite dimensional, so p is co-finite dimensional. 

(b) If A is a finitely generated prime Hopf algebra with GKdimA < 2, then A 
satisfies (H3). This follows from (a), since A cannot be simple unless the kernel of 
its counit is zero, in which case dim^ A = 1. Of course, not all Hopf algebras satisfy 
(H3), as witnessed by many group algebras and enveloping algebras. 

(c) If k is algebraically closed and q G k x is not a root of unity, then the 
quantized coordinate rings O q (k 2 ) and O q (SL2(k)) satisfy (H3) - just refer to the 
pictures of their prime spectra in [7| Diagrams II. 1.2, II. 1.3]. 

(d) Assume again that k is algebraically closed and q € fc x is not a root of unity. 
We generalize the first example of (c) to the algebra 

A = O q (k n ) := k(x\, . . . , x n \ XiXj = qXjXi for all i < j). 

Given a maximal ideal p in A, let / = (j,- | ij 6 p). It suffices to show that 
the maximal ideal p/I in A/ 1 is co-finite dimensional, and A/I = O q (k m ) where 
m = n — card(I). Hence, there is no loss of generality in assuming that X4 (/ p for 
all i. 

Now the images of the Xi in A/p are nonzero normal elements, hence invertible 
by simplicity. Thus, A/p = B/pB where 

B = O q {{k*Y):=A[xi\...,x- 1 ]. 

It is known that the maximal ideals of B are induced from the maximal ideals 
of its center ^3 Corollary 1.5]. This center can be calculated using |131 Lemma 
1.2] - if n is even, then Z(B) = k, while if n is odd, then Z(B) = fc[z ±1 ] where 
z . — X1X2 X3X4. ' ■ ■ x n _iX n . 

In case n is even, we obtain pi? = and p = 0, meaning that A itself is simple. 
This is only possible when n = 0, that is, A = fc, and thus dim^ A/p = 1 in this 
case. 

In case n is odd, pB = (z — a)B for some a £ k x , and thus the element 

w := X1X3 ■■•!„- CKX2X4 ■ ■ ■ x n -i 

lies in pB D A — p. Since w generates pB, we have 

p = {a G A I (X1X2 ■ ■ ■ x n ) a G wA for some t G N}, 

from which it is easy to check that, in fact, p — (w). Now if n > 3, it would 
follow that p C (xi,X2), contradicting the maximality of p. Thus, n = 1, whence 
p = (x\ — a) G A = k{xi], and again dim^ A/p = 1. 

Therefore all maximal ideals of A have codimension 1. 

(e) In contrast to (d), multiparameter quantum affine spaces need not satisfy 
(H3). For instance, let q G fc x be a non-root of unity, and let 

A := k(x, y,z j xy — qyx, xz — q~ zx, yz = qzy). 
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Then xyz e Z(A), and A/(xyz — 1) = g ((fc x ) 2 ), which is a simple algebra [23 
Example 1.8.7(h)] . Thus, (xyz— I) is a maximal ideal of A with infinite codimcnsion. 
□ 

Question 3.3. Let G be any connected semisimple Lie group over C. Do all 
maximal ideals of the standard generic quantized coordinate ring O q (G) have finite 
codimension? 

The main result in this section is the following proposition. 

Proposition 3.4. Suppose that A is an algebra satisfying (H1,H3), B a ring 
satisfying (HI), and M a noetherian {A, B)-bimodule. If aM is relatively pro- 
jective, then aM is projective. If, in addition, M/pM ^ (or, equivalently, 
Hom J 4(M, A/p) ^ 0) for all maximal ideals p of A, then aM is a progenerator 
for A- Mod. 

We need some lemmas. Recall that a module M over an algebra A is said to 
be locally finite dimensional if every finitely generated submodule of M is finite 
dimensional. 

Lemma 3.5. Suppose A is an algebra satisfying (HI). Then the injective hull of 
any finite dimensional left or right A-module is locally finite dimensional. 

Proof. Since the lemma is left-right symmetric, it suffices to prove it for right mod- 
ules. 

Let E be the injective hull of a finite dimensional right ^4-module M. Then 
E = E± ©• • • ®E m for some uniform injective modules Ej, which are injective hulls 
of the finite dimensional modules Ej D M . Since it suffices to show that each Ej 
is locally finite dimensional, there is no loss of generality in assuming that E is 
uniform. Now M has an essential simple submodule M', and we may replace M 
by M', so we may assume that M is simple. As a consequence, p := r.annA(M) is 
a co-finite dimensional maximal ideal of A. Moreover, p is the assassinator of E, 
that is, the unique associated prime. 

Recall from Section ^ that (HI) implies the strong second layer condition. By 
|141 Corollary 12.8], each finitely generated submodule of E is annihilated by a 
product of primes from the right link closure of p. All such primes must have finite 
codimension, because finite codimension carries across links: if pi and p2 are prime 
ideals of A such that pi ~~> p2 via (pi Dp2)/I, then A/ pi is finite dimensional if 
and only if (pi n p2)/I is finite dimensional, if and only if A/p2 is finite dimen- 
sional. Thus, the annihilator of each finitely generated submodule of E has finite 
codimension. Therefore E is locally finite dimensional. □ 

Lemma 3.6. Suppose A is an algebra satisfying (HI) and M a finitely generated 
relatively projective A-module. 

(a) Ext^(M, N) = for all i > and all finite dimensional A-modules N . 

(b) Tores', M) = for all i > and all finite dimensional right A-modules S. 

Proof, (a) Suppose 

-> N -> 1° -> I 1 -» I 2 -> ■ ■ ■ 
is a minimal injective resolution of N . The assertion follows if the complex 
Hom A (M, 1°) -> Hom^M, I 1 ) -> Hom A (A/, I 2 ) -> • • • 
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is exact. Since each P is locally finite dimensional by Lemma 13.51 it suffices to 
show that Hom J 4(M, — ) is exact on locally finite dimensional modules. Suppose 

0^ P R^O 

is a short exact sequence of locally finite dimensional A-modules, and let h : M — » R 
be a homomorphism. Then R' = h(M) is a finitely generated submodule of R, and 
we can choose a finitely generated submodule Q' C Q such that g(Q') = R 1 . Since 
Q' is finite dimensional, we obtain a short exact sequence 

of finite dimensional A-modules, where P' := f^ 1 {Q l ) and /', <?' are the appropriate 
restrictions of /, g. When h is viewed as a homomorphism M — > i?', it lifts to a 
homomorphism /i' : M — > Q 1 because M is relatively projective. This provides the 
required lifting of h to Hom^Af, Q), and proves that the sequence 

-> Hom A (M, P) A Hom A (A/, Q) -C Hom A (A/, i?) -> 
is exact, as desired. 

(b) Let S be an arbitrary finite dimensional right A-module. Since k is injective 
as a module over itself, jlOl Proposition VI. 5.1] implies that 

Hom fc (Torf (S, M),k) Ext^(M, Rom k (S, k)) 

for all i. By part (a), Ext^ ( M , Hom^ (5, fe)) = for i > 0, and therefore we obtain 
Torf (5, M) = for i > 0. □ 

Now we are ready to prove Proposition ^. 41 

Proof of Proposition 13.41 Let M be a noetherian (A, _B)-bimodule which is rela- 
tively projective as an A-module. Since every maximal ideal of A is co-finite di- 
mensional by (H3), Lemma rTHT b - ) implies that Torf(A/p, M) = for alH ^ and 
all maximal ideals p of A. By Proposition II . If a) . aM is projective. If, in addition, 
M/pM 7^ for all maximal ideals p of A, then aM is a progenerator by Proposition 
Etb). □ 

4. Proof of Theorem 10.21 

An algebra A is said to satisfy 
(H4) if for all nonnegative integers n, 

(a) the functor Ext^(— ,A) is exact on finite dimensional A-modules; 

(b) Ext^(S l , A) ^ for some finite dimensional A-module S if and only if 
Ext^(S l , A) ^ for all finite dimensional A- modules S. 

Note that (H4) is not left-right symmetric. Hence, when we come to combine (H4) 
with duality arguments, we shall need to apply right module versions of results 
from Sections ECU 

We next record that Hopf algebras satisfy (H4) , along with some other informa- 
tion. Note that if A is a Hopf algebra, the base field k can be identified with the 
trivial module A/(kere), where e : A — > k is the counit of A. 

Lemma 4.1. Let A be a Hopf algebra. 

(a) JH1 Lemma 1.11] For each nonnegative integer n, the following are equivalent: 
(1) Extl(k,A)^0. 
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(2) Ext^(S r , A) 7^ for some finite dimensional A-module S. 

(3) Ext^(S l , A) /or a/Z nonzero finite dimensional A-modules S. 

(b) |29l Lemma 4.8] The functors Ext^(— ,A) 7 for n > 0, are exact on finite 
dimensional A-modules. 

(c) As an algebra, A satisfies (H4). 

(d) If M is a finite dimensional A-module, then 

dim fc Ext^(Af, A) = (dhxik M)(dim fe ExQ(fe, A)) 
for all n > 0. 

Proof. Part (c) follows from (a),(b), and (d) follows from the proof of [23 Lemma 
4.8]. □ 

Recall that an algebra A (respectively, a bimodule M ) is called residually finite 
dimensional if the intersection of all co-finite dimensional ideals of A (respectively, 
sub-bimodules of M) is zero. Such algebras and bimodules appear in our context 
as follows. 

Lemma 4.2. If A is an algebra satisfying (H1,H3), then all noetherian (A,A)- 
bimodules are residually finite dimensional. In particular, A is residually finite 
dimensional. 

Proof. Let M be a noetherian (^4, A)-bimodule and N C M a nonzero sub-bimod- 
ule. We show that M has a co-finite dimensional sub-bimodule not containing 
N . 

Set J := l.amu(TV). By [HJ Lemma 8.1], A/ J embeds in N m as left ^-modules, 
for some t e N. Choose a maximal ideal m D J, and note that the quotient map 
A/ J — > A/m extends to a nonzero homomorphism N® 1 — > _E, where i? is the injec- 
tive hull of the left ^4-module A/m. Hence, there exists a nonzero homomorphism 
/ : aN — •> £7, which extends to a homomorphism g : aM — > S. 

Now j4/m is finite dimensional by (H3), and so E is locally finite dimensional by 
Lemma f3. 51 Hence, g(M) is finite dimensional, and so the ideal q := l.ann J ip(M) 
has finite codimension in A. Since g((\M) — 0, we conclude that qM is a co-finite 
dimensional sub-bimodule of M that does not contain N. □ 

Lemma 4.3. Suppose A is a residually finite dimensional algebra, and M a finitely 
generated, relatively projective A-module. Assume that M/mM 0, or equivalently, 
Hom^M, A/m) 0, for all co-finite dimensional maximal ideals m of A. Then 
M is faithful over A. If, in addition, M is a noetherian (A, B) -bimodule for some 
noetherian ring B, then GKdimAf = GKdimA. 

Proof. If, on the contrary, M is not faithful, then p := l.ann^(M) ^ 0. Since A is 
residually finite dimensional, it has a co- finite dimensional ideal q such that p % q. 
Consider the short exact sequence 

- (P + q)/q - A/q - A/(p + q) -> 

and the associated sequence 

-> ((p + q)/q) ® A M -> (A/q) ® A M ^ (A/(p + q)) ®a Af -» 0, 

which is exact because M is relatively projective ( Lemma 13. If) . The map / is an 
isomorphism since pM = 0, and so ((p + q)/q) CS^M = 0. Because p % q, there is an 
epimorphism ((p + q)/q) — » S 1 for some simple finite dimensional right ^4-module 5, 
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whence S ®a M = 0. But then m = r.annA(S') is a co- finite dimensional maximal 
ideal of A with (A/m) ®a M — 0, which yields a contradiction to our hypotheses. 
Therefore M is faithful over A. 

If M is a noetherian bimodule, then A can be embedded in M®* for some t. 
Hence GKdim M = GKdim A □ 

Lemma 4.4. Lei Abe a noetherian algebra with n := GKdim A < oo, and assume 
that A has an Auslander, Cohen- Macaulay dualizing complex R. 

(a) H l (i?) = {or all i > and all i < -n. 

(b) H _n (i?) ^ 0, and all nonzero left or right A-submodules ofH~ n (R) have 
GK-dimension n. 

(c) GKdimEP^i?) < i {on each side) for < i < n. 

Proof. Note that the Cohen-Macaulay hypothesis implies that n = —jn(A), and so 
n is an integer. Since A is a projective module, RHom^A, R) = Hom^A, R) = R. 
Hence, 

Ext^Ai?) = H«(i?) 

for all g G Z. Since j fl (A) = -n, it follows that HT n {R) ^ and H ! (i?) = for all 
i < —n. 

If K l (R) ^ for some i, then because H J (i?) is a noetherian bimodule, the 
Auslander hypothesis implies that j^(H ! (i?)) > i. Combined with the Cohen- 
Macaulay condition, this yields 

GKdimff(i?) = -j R (R\R)) < -i, 

and similarly on the right. Part (c) follows, as well as the inequality < —i. Hence, 
H l (R) — for all i > 0, and part (a) is proved. 

By \'A'A\ Theorem 2.10], the canonical dimension Cdim/j is an exact dimension 
function. Since 

Cdim fl (M) = -jn(M) = GKdim M 
for all finitely generated Amodules M, it follows that GKdim is an exact dimension 
function. Thus, [33 Theorem 2.14(1)] implies that E~ n (R) A is GKdim-pure of 
GK-dimension n. By symmetry, a H _ ™(i?) is GKdim-pure, completing the proof of 
(b). □ 

Recall from Morita theory that if A is a ring, O a progenerator in A-Mod, and 
B := Endyio (f2), then is an invertible (B, A)-bimodule (with inverse Homy^fi, A)). 

Proposition 4.5. Suppose A is an algebra satisfying (H1,H2,H3,H4) 7 with n := 
GKdim A < oo. 

(a) A has a rigid dualizing complex R, and W(R) — for all i ^= —n. 

(b) H _ra (i?) is an invertible (A, A) -bimodule, and R = H _n (i?)[n]. 

(c) Ext^(5*, A) = for all i ^ n and all finite dimensional A-modules S . 

(d) If A is a Hopf algebra of finite global dimension, then gldimA = n. 

Proof, (a) By Proposition 12. If a) . A has an Auslander, Cohen-Macaulay, rigid du- 
alizing complex R. By |27l Proposition 8.2], rigid dualizing complexes over A are 
unique up to isomorphism. 

Set n = max{i G Z | R l (R) ^ 0} and fi = H n °(R). By Lemma Ol -n < n < 
0. There is a truncated complex R, quasi-isomorphic to R, such that R 1 = for 
all i > uq. For any right Amodule M, we may take an injective resolution I of 
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M and compute Ext^o (R, M) ^ ExtA° (R, M) = H ,; HomA° (R, I) for all i. Since 7 
vanishes in negative degree, the complex Homi« (R, I) vanishes in degrees less than 
—no, and hence Ext^o (i?,M) = for all i < —no. I n degrees —no and —no + 1, 
the complex Hom^o (i?, I) has the form 

Rom A ° (R n °,I°) -> Hom^o (R n ° , I 1 ) © Hom^o (i?™ 0-1 , 7°), 

from which we sec that Ext^"° (R, M) S Hom^o (Q, M). 

We now restrict attention to finite dimensional right A-modules, denoted by S. 
By duality and Lemma r2.2f a). 

(E4.1) ExtV OR, S) = Ext^S", D(R)) S Ext^(S", A) 

for all i, where S' = Homfe(5, k). Since these isomorphisms are natural, and 
since Ext^™°(— , A) is exact on finite dimensional A-modules by (H4), we see that 
Hom^o(fi,— ) = Ext^"° (R, — ) is exact on finite dimensional right A-modules. 
Hence, ft is relatively projective as a right A-module, and thus projective, by Propo- 
sition 

Because of Lemma 14.21 ft is residually finite dimensional, and so Hom^o (ft, So) 
is nonzero for some finite dimensional right A- module So- Since 

Hom A = (ft, S) S Ext^™° (R, S) S Ext^"° (S' , A) 

for all finite dimensional right A-modules S, it follows from (H4) that Hom^o (ft, S) 
is nonzero for all finite dimensional right A-modules S. Proposition ^. 41 and Lemmas 
l4.2U4.3l now imply that ft a is a progenerator and GKdim ft A = n - By Lemma l4~4T c') . 
no = — n, and thus = for all i > —n. Combined with Lemma I4.4f a). this 

establishes part (a). 

(b) Since R has nonzero cohomology only in degree — n, it is quasi-isomorphic 
to R- n (R)[n] = ft[n]. 

We have already proved that ft is a progenerator for ^4°-Mod. By definition of a 
dualizing complex, the canonical algebra homomorphism 

A -> RHom A o (R, R) RHom A o (ft[n] A , ft[n] A ) = End A ° (ft a) 

is an isomorphism. Therefore, it follows from Morita theory that ft is invertible as 
an (A, v4)-bimodulc. 

(c) If M is a finitely generated right yl-module and I an injective resolution of 
M, then 

RHom A o (R, M) = RHom^o (ft[n],M) S Hom A » (ft[n],I). 

The latter complex vanishes in degrees less than n, and is exact in degrees greater 
than n, because ft a is projective. Hence, Ext l Ao (R, M) — for all i ^ n. It now 
follows from (E4.1) that Ext A (T, A) = for all i ^ n and all finite dimensional 
A-modules T. 

(d) If A is a Hopf algebra with finite global dimension d, then the trivial A- 
module k has projective dimension d [SJ Corollary 1.4]. Since A is noetherian, 
F,xt A (k, A) ^ 0, and therefore d = n by part (c). □ 

Lemma 4.6. Let A be an algebra satisfying (H1,H2), and R a rigid dualizing 
complex over A. If R = ft[n] where n — GKdim A and ft is an invertible (A,A)- 
bimodule, then A is Auslander-Gorenstein and Cohen- Macaulay, and has a quasi- 
Frobenius classical quotient ring. Moreover, Spec A is catenary, and Tauvel 's height 
formula holds. 
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Proof. By Proposition ^ . If a) . A has an Auslander, Cohen-Macaulay, rigid dualizing 
complex, and this complex must be quasi-isomorphic to R by uniqueness of rigid 
dualizing complexes |271 Proposition 8.2]. Since R = SI <£>a A[n], the ring A is 
Auslander-Gorenstein and Cohen-Macaulay by |^ Proposition 4.3]. Catenarity of 
Spec A follows from Theorem 12.41 By ^ Theorem 6. 1(2) (3)], A has a quasi- Fro- 
benius classical quotient ring, and GKdim ^4/p = GKdim ^4 for all minimal primes 
p of A. Thus, by Corollary 12. 51 Tauvel's height formula holds. □ 

Theorem 4.7. Let A be an algebra satisfying (H1,H2,H3,H4). 

(a) A is Auslander-Gorenstein and Cohen-Macaulay, and has a quasi- Frobenius 
classical quotient ring. 

(b) SpeCj4 is catenary, and Tauvel's height formula holds. 

(c) There exists an invertible (A, A)-bimodule f2 such that VL[n] is a rigid dual- 
izing complex over A, where n = GKdim A. 

(d) If A is regular, then gldimA = GKdim A. 

Proof. Recall from the discussion at the beginning of Section [21 that (H2) implies 
GKdim yl < oo. Parts (a), (b), (c) follow from Proposition 14.51 and Lemma f4. 61 

(d) The Auslander- regular and Cohen-Macaulay conditions imply that gldim A < 
GKdim A There exists a nonzero finite dimensional A-module S because of (H3), 
and if d = projdim^ S, then Ext^S 1 , A) / 0. Proposition I4.5f c) implies that 
d = GKdim A, and thus GKdim A < gldim A. □ 

Corollary 4.8. If A is an affine PI Hopf algebra satisfying (H2), then statements 
(a)-(d) of Theorem K7\hold. 

Proof. The affine PI hypothesis implies that A satisfies (H1,H3), and (H4) follows 
from Lemma k.lf cV □ 

The corollary recovers j^Hl Theorem 0.3]. 

Theorem ID .21 is an immediate consequence of Theorem 14.71 as follows. 

Proof of Theorem 10.21 Let A be a Hopf algebra satisfying (H1,H2,H3). By Lemma 
I4.1f c). A satisfies (H4). Thus, the desired conclusions follow from Theorem 14 .71 □ 

5. Proof of Theorem 10.11 
We say an algebra A of finite GK-dimension satisfies 

(H5) provided that, for every maximal ideal p of A and every nonnegative integer 
i, one has 

Ext\(A/p,A)^0 

if and only if i = GKdim A - GKdim A/ p. 

Note that by our conventions, Ext l A (A/p, A) refers to an Ext-group of the left A- 
modules A/p and A. 

Condition (H5) is necessary for our main result, as the following lemma shows. 

Lemma 5.1. If A is an Auslander-Gorenstein, Cohen-Macaulay algebra with finite 
GK-dimension, then A satisfies (H5). 

Proof. Let n := GKdim A, let p be a maximal ideal of A, and set d := GKdim A/p. 
The Cohen-Macaulay condition implies that j{A/p) = n — d, and thus we have 
Ext^" d (A/p, A) ^ and Ext\(A/p, A) = for all i < n - d. 
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Suppose that, for some i, the (A/p, A)-bimodule N :— Ext^(A/p, A) 7^ 0. Since 
N is finitely generated as a right A-module, j{Na) > i by the Auslander condition. 
Combined with the Cohen-Macaulay condition, we thus find that GKdin^A^) < 
n-i. By (22, Proposition 8.3.14(h)], GKdim( j4/p 7V) < GKdim(A A ) (this result 
does not require N to be finitely generated on the left). Since A/p is a simple 
ring, N must be faithful as a left (^4/p)-module. The finite generation of N on the 
right then implies that A/p embeds in 2V®', as left (A/p)-modules, for some t 6 N. 
Consequently, GKdim(^/ p 7V) = d, whence d < n — i. Thus i < n — d, and therefore 
i = n — d by the previous paragraph. □ 

Theorem 5.2. Let A &e an algebra satisfying (H1,H2,H5). 

(a) There exists an invertible (A, A)-bimodule Q such that f2[n] is a rigid dual- 
izing complex over A, where n = GKdim A. 

(b) A is Auslander- Gorenstein and Cohen-Macaulay, and has a quasi- Frobenius 
classical quotient ring. 

(c) SpeCj4 is catenary, and Tauvel's height formula holds. 

Proof, (a) By Proposition 12. If a) . A has an Auslander, Cohen-Macaulay, rigid du- 
alizing complex R. 

Fix a maximal ideal p of A. Let m := GKdim A/p and n := GKdim A, and 
let M p denote the complex over A/p given by RHom^A/p, R). By Proposition 
12. lf b). Mp is an Auslander, Cohen-Macaulay, rigid dualizing complex over A/p. 
Since A/p is simple, it follows from |34l Theorem 0.2] that M p = £l p [m] where fi p 
is an invertible {A/p, A/p)-bimodule. By duality, 

Ejrti„(J*[-n],fi p ) = Ext*+"- m (i?, Mp) £ Ext j^™ - " 1 (A/p, A), 

which is nonzero if and only if i = (by hypothesis (H5)). By Horn-® adjunction 
in D fc (A°-M od), we have 

Ext^o {R[-n\, fi p ) S Hom (i/p) . (Torf (i?[-n], A/p), fi p ). 

Since Tor^(i?[— n], A/p) is projective over A/p fLemma ll.6f b')'). it follows that 
Torf (R[-n], A/p) ^ if and only if i = 0. 

By Proposition ll.il n] is isomorphic to a bimodule, say f2, and 17 is a pro- 
generator for A - Mod. As in the proof of Proposition 14.5T b"! . the natural map 
A — > End^o (Q) is an isomorphism, and Morita theory implies that fl is invertible. 

(b)(c) These properties follow from part (a) and Lemma f4. 61 □ 

For future use, we record the following consequence of Lemma 15. II and Theorem 

Corollary 5.3. If A is an Auslander-Gorenstein, Cohen-Macaulay algebra satis- 
fying (H1,H2), then there exists an invertible (A, A) -bimodule f2 such that Q[n] is 
a rigid dualizing complex over A, where n — GKdim A. 

In the rest of this section, we verify the hypothesis (H5) for standard generic 
quantized coordinate rings O q (G). Since this relies on results from |18| . we will 
need to assume that q is transcendental over Q. 

Lemma 5.4. Suppose A±, . . . ,A n are connected graded noetherian algebras having 
enough normal elements. 

(a) The algebra A := A\ ® • • • ® A n is connected graded noetherian and has 
enough normal elements. 
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(b) If a is a graded automorphism of A, then A[t; a] is connected graded noe- 
therian with enough normal elements, where t is assigned degree 1. 

(c) Let C := A[t±; o~i\ ■ ■ ■ [t m ; o~ m \ be an iterated skew polynomial ring, where the 
o~i are graded automorphisms and the ti have degree 1 . Then C is connected 
graded, universally noetherian, and has enough normal elements. 

(d) // the Ai are Gorenstein [respectively, regular), then the algebra C above 
is Auslander- Gorenstein (respectively, Auslander-regular) and Cohen-Mac- 
aulay. 

Proof, (a) It follows from Propositions 4.3, 4.9 and 4.10] that every connected 
graded noetherian algebra with enough normal elements is universally noetherian. 
As a consequence, A is universally noetherian by induction on n. It is clear that 
A is connected graded (with respect to the standard tensor product grading). To 
show that A has enough normal elements, we can proceed by induction on n, so it 
suffices to consider the case n — 2. Let P be a non-maximal graded prime ideal 
of A\ % A<i. Since A\ ® 1 commutes with \® A^, the preimage Qi of P in Ai is 
prime. Since we can pass to the algebra A/ (Qi ® A-i + A\ ® Q2), there is no loss of 
generality in assuming that A\ and Ai are graded prime, that PC\{A\ ® 1) = 0, and 
that P fl (1 ® A2) — 0. Since A/P is not simple, A is not finite dimensional, so A\ 
and A2 cannot both be finite dimensional. Say A\ is infinite dimensional, so that it 
is not simple. Then there is a homogeneous normal element x\ £ A\ with positive 
degree, whence the image of x% (8> 1 in A/P is a homogeneous normal element, with 
positive degree because it is nonzero. The proof is symmetric in case A2 is infinite 
dimensional. This shows that Ai ® A2 has enough normal elements. 

(b) It is clear that j4[i;cr] is connected graded noetherian. Let P be a non-max- 
imal graded prime ideal of A[t;a}. If t ^ P, then the image of t in A[t;a]/P is a 
homogeneous normal element of degree 1. Otherwise, A[t;a)/P = A/P' for some 
non-maximal graded prime ideal P' of A. The assertion follows. 

(c) Using (a), (b), and induction, we see that C is connected graded noetherian 
with enough normal elements. The universally noetherian property follows from 
the comment at the beginning of the proof of (a) . 

(d) Recall that the global dimension of a connected graded noetherian algebra 
equals the projective dimension of its trivial module (e.g., [231 Chapter 1, Corollary 
8.7]). For Ai and A2, this means 

gldim Ai ® A 2 = projdim j4i!glA2 k 

< projdim yll k + projdim^ k — gldim A\ + gldim A2. 

Hence, if A\ and A2 are regular, then so is A\ ® A2. 

Next, we assume that A\ and A2 are Gorenstein of injective dimensions d\ and 
c?2 respectively. Since A\ and A2 have enough normal elements, they are Artin- 
Schelter Gorenstein Theorems 0.2 and 0.3] in the following sense: 

„ i t \ \ k if i = di 
Ext 4 (k, Aj) = I J 
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for j = 1,2. It follows from the Kunneth formula that 

TO 

Extl l8A2 (k, At ® A 2 ) = Ext^ (fc, Ax) ® Ext^fc, 4i) 

i=0 

{k if n = d\ + c?2 
if n 7^ o?i + d 2 

This means that k.injdim Ai ® = rfi + c?2, where k.injdim is the fc-injective 
dimension defined in |17|. By |31 Corollary 8.12], A\ A 2 satisfies the condition x, 
and its cohomological dimension cd(Ai ® A 2 ) is bounded by its Krull dimension. 
Since Ai <g) A 2 has enough normal elements, its Krull dimension is finite (231 Propo- 
sition 0.9], and thus cdf^ <g> A 2 ) < 00. Hence, we can apply |171 Theorem 4.5] to 
obtain that injdim^! ® A 2 = k.injdim Ai <S> A 2 . Therefore Ax eg) A 2 is Gorenstein. 

It follows by induction that if the Ai are Gorenstein (respectively, regular) , then 
so is A. Either property then passes to C (e.g., use |201 Theorem 3.6(1)] and |22l 
Theorem 5.3(iii)] inductively). The assertion now follows from (c) and 36, Theorem 
0.2]. ' □ 

Lemma 5.5. Let A be a noetherian connected graded Gorenstein {respectively, 
regular) algebra with enough normal elements. Let C :— A[tx;a±\ ■ ■ ■ [t m ]o-m] be an 
iterated skew polynomial ring, where the ai are graded automorphisms and the ti 
have degree 1. Let D :— Cft^f 1 , . . • ,t^\ — A^ 1 ; eri] • ■ • [t^;a m ]. Suppose that tj 
is an eigenvector for ai, for all i > j. Then: 

(a) D is Auslander- Gorenstein (respectively, Auslander-regular) and Cohen- 
Macaulay. 

(b) D has a filtration such that gr D is a noetherian, connected graded algebra 
with enough normal elements. 

Proof. Assume that A is regular. The Gorenstein case is completely parallel, except 
that one has to check the Gorenstein case of Lemma], to feed into [3 Lemmas 
1.15.4, II.9.11]. 

(a) By Lemma [5.41 C is connected graded noetherian, Auslander-regular, and 
Cohen-Macaulay. Observe that each i; is regular and normal in C; moreover, 
tiCj — Cjti for all i,j, where the Cj are the homogeneous components of C. 
Hence, the element t := t\t 2 ■ ■ ■ t m is regular normal, and tCj — Cjt for all j. By 
Lemmas 11.9.11(b)], C^" 1 ] = D is Auslander-regular and Cohen-Macaulay. 

(b) Let t be as above; then there exists a graded automorphism a of C such 
that tc = a(c)t for all c £ C. Set E :— CfTju^ 1 ], which is a connected graded 
noetherian algebra with enough normal elements, by Lemma l5.4l where deg(T) = 1. 
Give E the filtration induced from its grading. Since E/(tT —l)=D, the required 
properties pass from E to D. □ 

Theorem 5.6. Let G be any connected semisimple Lie group over C, and A := 
O q (G) the standard quantized coordinate ring. Assume that q is transcendental over 
Q. There exists a left and right Ore set C C A such that 

(a) (Afl)C^ 1 7^ for all proper ideals I of A. 

(b) The algebra B := AC~ l is Auslander-regular and Cohen-Macaulay. 

(c) B satisfies (H2). 

(d) GKdimS = dimG. 
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Proof. We first work over the field F := Q(g) C C and then extend scalars. Let 9 be 
the Lie algebra of G, and write U p for the simply connected quantized enveloping 
algebra of q over F. Following the notation of §1.6.3], we write JSj, Fi, Kf 1 for 
the standard generators of Up, where i = 1, . . . , n = rank(g) and A runs through the 
weight lattice P. Write Up and Up for the respective subalgebras of Up generated 
by the Ei and the Fi. Since the quantum Serre relations for the Ei and the Fi are 
homogeneous, Up and Up are connected graded i^-algebras, where the Ei and Fi 
are homogeneous elements of degree 1. 

Write Ap for the version of O q (G) defined over F, and let C denote the multi- 
plicative subset of Ap generated by the coordinate functions „ (in the notation of 
[T%1 §9.1.1]), for fi £ P+. By 18, Lemma 9.1.10], C is an Ore set in Ap. Moreover, 

ApC- 1 S (U+ ® F Up^K- 1 ® K x I A e P] C Up ® F Up 

[181 Lemma 9.2.13, Proposition 9.2.14], and C is disjoint from all prime ideals of 
Ap |181 Corollary 9.3.9]. It follows that C is disjoint from all proper ideals / of Ap, 
so that (Ap/I)^ 1 ^ 0. 

We now identify A with Ap ®p C and Ap with the F-subalgebra Ap CS> 1. Then 
C becomes an Ore set in A, and since every proper ideal of A contracts to a proper 
ideal of Ap, we see that (a) holds. Extending scalars, the isomorphism above yields 

B = AC' 1 S B' := (U+ ® c U'^R- 1 ® K x \ X e P] c U ® c U , 

where U ± := C/f ® F C and £/ := f/ F ® F C. 

As with Up , the C-algebras U^ are connected graded and noetherian. The basic 
relations for U show that the inner automorphism induced by any K\ on U restricts 
to graded automorphisms of U + and U~ . Since P is a free abelian group of rank 
n, we see that B' is an iterated skew-Laurent extension of the form 

(E5.1) B' = (U+ ® C ETJIffVl] •••[*nVn], 

for some graded automorphisms <Ji, where deg(ij) = 1 for all j and <Ti(tj) = tj for 
i > j. Therefore, properties (b) and (c) will follow from Lemmas 15.41 and 15.51 once 
we know that U + and U~ are regular and have enough normal elements. Since 
jj+ ^ jj- ^ we neec i only deal with U + . 

Ringel has shown that Up is isomorphic to the twisted generic Hall algebra 7i 
[2*4] (see also ^| Theorem 3]), and that 7i is an iterated skew polynomial ring of 
the form 

Ti = F[Xi][X 2 ;t2,52\ ■ ■ ■ [X m ;T m ,5 m ] 
where the following hold |25l Theorems 2,3]: 

(1) The number m of iterations equals the number of positive roots for the Lie 
algebra g of G. 

(2) Each Ti and each Si is F-linear. 

(3) Xj is an eigenvector of r, for all i > j. 

(4) Each 5iTi = q Ti Ti5i for some positive integer r^. 

Consequently, 

U+ £* U+ ® F C S C[Xx] [X 2 ; T 2 , 82] ■ ■ ■ [X m ; ? m ,S m ] 

with corresponding properties. Hence, U + is regular |221 Theorem 7.5.3], and all 
its prime ideals are completely prime |12l Theorem 2.3]. 

The existence of a large supply of normal elements was established by Caldero 
for the C(g)-form of U + , where q is an indeterminate over C. Rather than 
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reworking all his proofs for U + , we can obtain what wc need from his results with 
some base change arguments. 

First, extend {q} to a transcendence base X for C over Q, and let K denote the 
algebraic closure of Q(X \ {q}) within C. Then q is transcendental over K, and 
K = C (as abstract fields) because X is infinite. Hence, there is an isomorphism 
K{q) — > C(q) sending q >-* q. Consequently, the algebra U^-,, :— Up ®_f K{q) is 
isomorphic, as a ring, to the C((f)-form of U + (that is, the C(g)-algebra given by 
generators Ei, . . . ,E n satisfying the quantum Serre relations). Caldero's result, 
Corollaire 3.2], thus shows that every ideal of has a normalizing sequence of 

generators. 

Let p be a non-maximal graded prime ideal of U + . Since p is completely prime, 
the contraction pi :— p n U^-,^ is a graded prime ideal of U^,y Let mi denote 

the (unique) graded maximal ideal of U^-^ , and observe that mi U + is the graded 
maximal ideal of U + . Consequently, mi ^ p, and so pi is properly contained in mi. 
Since mi has a normalizing sequence of generators, there exists a nonzero element 
c G mi/pi which is normal in U^^/pi. A leading term argument, using the fact 

that t^( 9 )/pi is a domain, shows that the highest degree term of c is normal, so 
there is no loss of generality in assuming that c is homogeneous. Since c G mi /pi, 
its degree is positive. Thus, finally, the image of c in C/ + /p is a homogeneous normal 
element of positive degree. 

Therefore U + has enough normal elements, as required. Statements (b) and (c) 
are now proved. 

Since U~ = U + , the algebra U + ®c U~ can be written as an iterated skew 
polynomial extension of U + , and so 

U+ ® c U- £* C[Xi][X 2 ;? 2 ,? 2 ] • • • [X m ;f m ,? m ][yi][y 2 ;r2,52] • • ■ [Y m ;T m ,5 m ], 
where 

(5) Each Tj, Tj, Si, and 5i is C-linear. 

(6) Xj is an eigenvector of % for all i > j. 

(7) Yj is an eigenvector of Tj for all i > j, and Xj is fixed by Tj for all 
In view of (5)-(7), it follows from Lemma II. 9. 7] that 

GKdim({7+ <g> c U~) = 2m. 

Now return to equation (E5.1), and consider the intermediate iterations 

b' 3 := (u+ ® c cH^Vi]---^ 1 ;^]- 

Recall that U + ®c U~ is generated by the elements Ei ® 1 and 1 (8>-Fj, each of which 
is an eigenvector for the automorphisms <7j , and that tj is fixed by aj when I < j. 
Hence, B'j_ 1 is generated by a finite set of <7j-eigenvectors, from which we see that Oj 
is locally algebraic in the sense of meaning that for each b G -Bj_i, the forward 
orbit {cr*(6) | t > 0} spans a finite dimensional subspace of Bj_ 1 . Consequently, it 
follows from |19l Proposition 1] that GKdimBj = 1 + GKdimSj-i. Hence, 

GKdim B = GKdim B = 2m + n = dim g = dim G 

(recall (1) above), and part (d) is proved. □ 

Lemma 5.7. Let A, C, and B be as in Theorem 15.61 
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(a) Any noetherian (A, A)-bimodule M is C -torsionfree as a left and a right 
A-module. Hence, if M ^ 0, then MC^ 1 ^ and C^M ^ 0. 

(b) GKdim(A/p)C _1 = GKdim A/p for all prime ideals p of A. 

(c) gldim A = GKdim A = gldim 5 = GKdim 5 < oo. 

(d) Let n = gldim A. If S is any nonzero finite dimensional left or right A- 
module, then Ext^(S', A) ^ 0, and Ext^(S l , A) = for all i ^ n. 

Proof, (a) Let N be the left C-torsion submodule of M. Then N is a sub-bimodule, 
and so N = x\A + • • • + x±A for some elements x\, . . . , Xt- There exists c£C such 
that cXi = for all i, and thus c 6 l.arinA(iV). Since C is disjoint from all proper 
ideals of A (Theorem EUa)), it follows that \.a,nn A (N) = A and N = 0. Thus M 
is C-torsionfree as a left A-module. By symmetry, it is also C-torsionfree as a right 
A-module. 

(b) If p is a prime ideal of A, then by part (a), all elements of C are reg- 
ular modulo p. (This also follows directly from the fact that C D p = 0, by 
[141 Lemma 10.19].) Hence, pB is a prime ideal of B which contracts to p |14l 
Theorem 10.20]. Consequently, A/p embeds in B/pB = (A/p)C _1 , and these 
prime rings have isomorphic Goldie quotient rings, call them Q\ = FractA/p 
and Q 2 = Fract(A/p)C _1 . By Theorems l2~fll and ETBI A and B satisfy (H2), 
hence so do A/p and (A/p)C _1 . It now follows from Theorem 6.9(a)] that 
HtrQi = GKdimA/p and HtrQ 2 = GKdim(A/p)C- 1 . Since Q x Q 2 , part (b) is 
proved. 

(c) We have GKdim A = GKdim B by part (b) , gldim B < gldim A because B is 
a localization of A, and gldim B < GKdim B because B is Auslander-regular and 
Cohen-Macaulay. 

Set n :— GKdim B, and let k denote the trivial module for A. We have ZcC -1 ^ 
by part (a), from which we see that fcC -1 = k, that is, the A-module structure on 
k extends to a -B-module structure. Since B is Cohen-Macaulay, j(sfc) = n, and 
thus Ext^(fc,i?) ^ 0. Hence, n < projdim B k < gldim B, and we have 

gldim B — projdinig k — n. 

As noted in the proof of [HI Proposition 2.7], it follows from the flatness of B over 
A that projdim^ k < n, and thus gldim A < n by [SI Corollary 1.4(c)]. Therefore 

gldim A = GKdim A = projdim^ k = n. 

(d) By symmetry, it is enough to prove this for left modules. In view of |H| 
Lemma 1.11] (i.e., Lemma t4.1f a)). it suffices to consider the case when S is the 
trivial module k. 

We proved above that projdim^ k — n, whence Ext^(fc,A) ^ 0, and also that 
jink) = n, whence Ext^(fc, B) = for all i ^ n. It now follows using 8, Proposition 
1.6] that 

Ext^(fc, AJCT 1 ^Ext^-! (feC^AC" 1 ) = 

for all i ^ n. However, Ext^(fc,A) is finite dimensional by Lemma |2. 31 and so is 
noetherian as an (A, A)-bimodule. Thus, it follows from part (a) that Ext^(fc, A) — 
for all i ^ n. □ 

Lemma 5.8. Let G be any connected semisimple Lie group over C, and A :— 
O q (G) the standard quantized coordinate ring. If q is transcendental over Q, then 
A satisfies (H5), and GKdim A = dimG. 
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Proof. Let C and B be as in Theorem 15 .61 and set 

n = gldimA = GKdimA = gldimB = GKdimB = dimG 

(recall Lemma [5.7( c) and Theorem 15.6( d)). Fix a maximal ideal p C A, and set 
d := GKdimA/p and q := pB. Then q is a maximal ideal of B by localization 
theory |141 Theorem 10.20], and GKdimS/q = d by Lemma I5.7f b1. Since B is 
Auslander-regular and Cohen-Macaulay, Lemma 15.11 implies that for nonnegative 
integers i, we have Ext l B (B /q, B) ^ if and only if i = n — d. 

According to Lemma l2~2T b). each Ext\(A/p, A) is a noetherian (A, A)-bimodule. 
Moreover, Ext A (A/p, A)C~ X = Ext^(B/q, B) by % Proposition 1.6]. Taking ac- 
count of Lemma lSTT a). we conclude that Ext^(^4/p, A) ^ if and only if i = n — d, 
as desired. □ 

Now we are ready to prove Theorem 10.11 

Proof of Theorem^ER By Theorems Ol 1231 and Lemmas O HUH O q {G) satisfies 
the hypotheses (H1,H2,H5), and gldim0 9 (G) = GKdim O q (G) = dimG. Theorem 
ItHlthus follows from Theorems [231 and ICT □ 
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